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Abstract
By means of cohomology groups, we study relationships between equiv-
ariant gerbes with connection over a manifold with a Lie group action and
gerbes with connection over the quotient space.
1 Introduction
Gerbes can roughly be thought of as fiber bundles over a manifold whose fibers
are categories. The notion of gerbes was originally invented by Giraud [11] in
the context of non-abelian cohomology. In [4], Brylinski developed differential
geometry of certain abelian gerbes (gerbes with band T, which we will simply
call gerbes from now on), and introduced the notion of connective structure
and curving as connections on them. The notion of equivariant gerbes over a
manifold with a Lie group action was introduced also by Brylinski [3, 4]. In
the work of Sharpe [18, 19], equivariant gerbes turned out to be useful for the
geometric understanding of discrete torsions.
Let G be a Lie group acting on a smooth manifold M . When we can make
the quotient space M/G into a smooth manifold, the pull-back of a gerbe with
connective structure and curving over M/G by the projection q : M → M/G
becomes naturally a G-equivariant gerbe with G-invariant connective structure
andG-invariant curving overM . (In the sequel, we often mean a gerbe with con-
nective structure and curving by a “gerbe with connection”, and a G-equivariant
gerbe with G-invariant connective structure and G-invariant curving by a “G-
equivariant gerbe with connection.”) The purpose of this paper is to study the
relationship between G-equivariant gerbes with connection over M and gerbes
with connection over the quotient space M/G.
Before the study of equivariant gerbes with connection, we consider equiv-
ariant gerbes without connection. We recall here the classification of gerbes
and that of equivariant gerbes. Let T = TM be the sheaf of germs of smooth
functions on M which take its values in the unit circle T = {z ∈ C| |z| = 1}.
∗The author’s research is supported by Research Fellowship of the Japan Society for the
Promotion of Science for Young Scientists.
1
Proposition 1 (Giraud [11]). Let M be a smooth manifold. The isomorphism
classes of gerbes over M are classified by H2(M,TM )
∼= H3(M,Z).
When a Lie group G acts on M , we denote by G• ×M = {Gp ×M}p≥0
the simplicial manifold ([17]) associated with the Lie group action. The family
of sheaves {TGp×M}p≥0 gives rise to a sheaf on G• ×M , which we denote by
TG•×M . We also denote by H
m(G• ×M,TG•×M ) the cohomology group with
coefficients TG•×M . We note that, if G is compact, then H
m(G• ×M,TG•×M )
is isomorphic to the equivariant cohomology group [1] Hm+1G (M,Z) for m > 0.
Proposition 2 (Brylinski [3]). Let G be a Lie group acting on a smooth man-
ifold M . The isomorphism classes of G-equivariant gerbes over M are classified
by H2(G• ×M,TG•×M ).
In the present paper, we will prove the following theorem.
Theorem 3. Let G be a Lie group acting on a smooth manifold M . We assume
that the action is free and locally trivial, and that the quotient space M/G is a
smooth manifold in such a way that the projection map q :M →M/G is smooth.
For a non-negative integer m the projection map induces an isomorphism of
groups
q∗ : Hm(M/G,TM/G) −→ Hm(G• ×M,TG•×M ).
We can attain the assumption in Theorem 3, for example, in the case that a
compact Lie group G acts smoothly and freely on a finite dimensional smooth
manifold M . However, we need not restrict ourselves to such a case only.
Combining Proposition 1 and Proposition 2 with Theorem 3, we directly
obtain the next theorem, which is essentially known by Brylinski [4].
Theorem 4. Let G and M be as in Theorem 3.
(a) For a G-equivariant gerbe C over M , there exists a gerbe C¯ over M/G
whose pull-back under q :M →M/G is equivariantly isomorphic to C.
(b) The isomorphism class of such C¯ is unique.
We then consider the case of equivariant gerbes with connection by a similar
method based on cohomology groups. For a non-negative integer N , we define
a complex of sheaves F(N)M by
TM
1
2pi
√
−1d log−→ A1M d−→ A2M d−→ · · · d−→ ANM −→ 0 −→ · · · ,
where AqM is the sheaf of germs of differential q-forms on M . We call the
hypercohomology Hm(M,F(N)M ) the smooth Deligne cohomology [4, 7, 8, 9].
Proposition 5 (Brylinski [4]). Let M be a smooth manifold. The isomor-
phism classes of gerbes with connective structure and curving over M are clas-
sified by H2(M,F(2)M ).
In [12], the equivariant generalization of the classification above is obtained
on the basis of the work of Brylinski [3]. Let G• ×M the simplicial manifold
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associated with the action of G on M . The family of complexes of sheaves
{F(N)Gp×M}p≥0 gives rise to a complex of sheaves F(N)G•×M on G• ×M .
Notice here that we have an obvious fibration Gp ×M → Gp × pt for each
p, where pt stands for the manifold consisting of a single point. We define
a subsheaf F 1AqGp×M of A
q
Gp×M by setting F
1AqGp×M = pi
−1A1Gp×pt ⊗ Aq−1Gp×M ,
where the tensor product is taken over pi−1A0Gp×pt. Then we have a subcomplex
F 1F(N)Gp×M of F(N)Gp×M for each p:
T // A1 // A2 // · · · // AN−1 // AN // 0 // · · · ,
∪ ∪ ∪ · · · ∪ ∪ ∪
0 // F 1A1 // F 1A2 // · · · // F 1AN−1 // F 1AN // 0 // · · · .
Thus the family {F 1F(N)Gp×M}p≥0 gives rise to a subcomplex F 1F(N)G•×M of
F(N)G•×M . We define a complex of sheaves F¯(N)G•×M by taking the quotient:
F¯(N)G•×M = F(N)G•×M/F 1F(N)G•×M . In [12], the hypercohomology groups
Hm(G• ×M, F¯(N)G•×M ) are called “equivariant smooth Deligne cohomology
groups.” In the sequel, we will omit the subscripts of F 1F(N)G•×M , F(N)G•×M
and F¯(N)G•×M .
Proposition 6 ([12]). Let G be a Lie group acting on a smooth manifold M .
The isomorphism classes of G-equivariant gerbes with G-invariant connective
structure and G-invariant curving over M are classified by H2(G• ×M, F¯(2)).
We will prove the following key theorem in this paper.
Theorem 7. Let G and M be as in Theorem 3. For a non-negative integer N
the projection map q :M →M/G induces an isomorphism of groups
q∗ : HN (M/G,F(N)) −→ HN (G• ×M,F(N)).
To relate Hm(G• × M,F(N)) and Hm(G• × M, F¯(N)), we consider the
long exact sequence induced by the following short exact sequence of complex
of sheaves on the simplicial manifold G• ×M :
0 −→ F 1F(N) −→ F(N) −→ F¯(N) −→ 0.
We denote the Bockstein homomorphism in the long exact sequence by
β : Hm(G• ×M, F¯(N)) −→ Hm+1(G• ×M,F 1F(N)).
Now Proposition 5 and Proposition 6 lead to the following result on the
relationship between G-equivariant gerbes with connection over M and gerbes
with connection over the quotient space M/G.
Theorem 8. Let G andM be as in Theorem 3, (C,Co,K) a G-equivariant gerbe
with G-invariant connective structure and G-invariant curving over M , and
c ∈ H2(G• ×M, F¯(2)) the class corresponding to the equivariant isomorphism
class of (C,Co,K).
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(a) There exists a gerbe with connective structure and curving (C¯, C¯o, K¯)
over M/G whose pull-back under the projection q : M →M/G is equivariantly
isomorphic to (C,Co,K) if and only if β(c) = 0 in H3(G• ×M,F 1F(2)).
(b) The isomorphism classes of such (C¯, C¯o, K¯) are in one to one correspon-
dence with Coker{β : H1(G• ×M, F¯(2))→ H2(G• ×M,F 1F(2))}.
By expressing H2(G•×M,F 1F(2)) in a more accessible form, we can obtain
a condition for the isomorphism class of such (C¯, C¯o, K¯) as in Theorem 8 (a)
to be unique. To the contrary, by a simple computation, we can find a case in
which there indeed exist distinct isomorphism classes of such (C¯, C¯o, K¯).
The outline of the present paper is as follows. In Section 2, we briefly recall
the smooth Deligne cohomology groups. In Section 3 we review the definition
of the equivariant smooth Deligne cohomology group Hm(G• ×M, F¯(N)) and
some facts on it. In Section 4, we prove Theorem 3 (Theorem 4.3) and Theorem
7 (Theorem 4.6). Section 5 deals with relationships between equivariant circle
bundles and circle bundles over the quotient space. Though the relationships
can be studied directly, we use the results in Section 4 which have an advan-
tage of generalization. In Section 6, we study the main subject of this paper:
the relationship between equivariant gerbes with connection and gerbes with
connection over the quotient space.
To save pages, we mainly follow the terminologies in [4, 3, 5], and drop the
definition of (equivariant) gerbes.
Conventions. Throughout this paper, we make a convention that a “smooth
manifold” means a paracompact smooth manifold modeled on a topological
vector space which is Hausdorff and locally convex. We also assume the existence
of a partition of unity. Examples of such a manifold cover not only all the
finite dimensional smooth manifolds, but also a sort of infinite dimensional
manifolds. (An example of the infinite dimensional case is the loop space of
a finite dimensional smooth manifold. See [4] for detail.)
We also make a convention that a “Lie group” means a Lie group whose
underlying smooth manifold is of the type above. When a Lie group G acts on
a smooth manifold M , we denote the action by juxtaposition: we write gx ∈M
for g ∈ G and x ∈M . The unit element of G is denoted by e ∈ G.
We usually work in the smooth category, so functions, differential forms, etc.
are assumed to be smooth.
2 Smooth Deligne cohomology
We here recall ordinary smooth Deligne cohomology groups [4, 7, 8, 9].
2.1 Smooth Deligne cohomology groups
LetM be a smooth manifold. We denote by TM the sheaf of germs of functions
with values in the unit circle T = {u ∈ C| |u| = 1}. For a non-negative integer
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q, we denote by AqM the sheaf of germs of R-valued differential q-forms on M .
Definition 2.1. Let N be a non-negative integer.
(a) We define the smooth Deligne complex F(N)M to be the following com-
plex of sheaves on M :
F(N)M : TM
1
2pi
√
−1d log−→ A1M d−→ A2M d−→ · · · d−→ ANM −→ 0 −→ · · · ,
where TM is located at degree 0 in the complex.
(b) The smooth Deligne cohomology group Hp(M,F(N)M ) is defined to be
the hypercohomology group of the smooth Deligne complex.
We often omit the subscripts of TM , A
q
M and F(N)M .
Remark 1. Let Z(N)∞D be a complex of sheaves given by
Z(N)∞D : Z
i−→ A0 d−→ A1 d−→ A2 d−→ · · · d−→ AN−1 −→ 0 −→ · · · ,
where Z is regarded as a constant sheaf. The smooth Deligne cohomology
often refers to the hypercohomology Hp(M,Z(N)∞D ). Since Z(N)
∞
D is quasi-
isomorphic to F(N − 1) under a shift of degree, we have Hp(M,Z(N)∞D ) ∼=
Hp−1(M,F(N − 1)).
Recall the following classification of principal T-bundles and gerbes. (In this
paper, a “gerbe” means a gerbe with band T [4, 5, 11].)
Proposition 2.2. Let M be a smooth manifold.
(a)(Kostant [13], Weil [20]) The isomorphism classes of principal T-bundles
(Hermitian line bundles) over M are classified by H1(M,T) ∼= H2(M,Z).
(b)(Giraud [11]) The isomorphism classes of gerbes over M are classified by
H2(M,T) ∼= H3(M,Z).
By using the smooth Deligne cohomology groups, we obtain the following
generalization of the proposition above.
Proposition 2.3 (Brylinski [4]). Let M be a smooth manifold.
(a) The isomorphism classes of principal T-bundles with connection over M
are classified by H1(M,F(1)).
(b) The isomorphism classes of gerbes with connective structure and curving
over M are classified by H2(M,F(2)).
We omit the proofs of Proposition 2.2 and Proposition 2.3, and refer the
reader to [4].
3 Equivariant smooth Deligne cohomology
This section is a short summary of [12]. We introduce equivariant smooth
Deligne cohomology groups, and state the classification of equivariant circle
bundles (with connection) and equivariant gerbes (with connection).
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3.1 Simplicial manifolds associated to group actions
Let G be a Lie group acting on a smooth manifold M by left. Then we have a
simplicial manifold G• ×M = {Gp ×M}p≥0, where the face maps ∂i : Gp+1 ×
M → Gp ×M , (i = 0, . . . p+ 1) are given by
∂i(g1, . . . , gp+1, x) =


(g2, . . . , gp+1, x), i = 0
(g1, . . . , gi−1, gigi+1, gi+2, . . . , gp+1, x), i = 1, . . . , p
(g1, . . . , gp, gp+1x), i = p+ 1,
and the degeneracy maps si : G
p ×M → Gp+1 ×M , (i = 0, . . . p) by
si(g1, . . . , gp, x) = (g1, . . . , gi, e, gi+1, . . . , gp, x).
These maps obey the following relations:
∂i ◦ ∂j = ∂j−1 ◦ ∂i, (i < j), (1)
si ◦ sj = sj+1 ◦ si, (i ≤ j), (2)
∂i ◦ sj =


sj−1 ◦ ∂i, (i < j),
id, (i = j, j + 1),
sj ◦ ∂i−1, (i > j + 1).
(3)
To a simplicial manifold, we can associate a topological space called the
realization [9, 17]. The realization of G• ×M is identified with the homotopy
quotient ([1]): |G• ×M | ∼= (EG ×M)/G, where EG is the total space of the
universal bundle for G. This can be seen by the fact that EG is obtained as the
realization of G• ×G, where G acts on itself by the left translation.
Note that the classifying space BG is also obtained as the realization of
G• × pt, where pt is the space consisting of a single point on which G acts
trivially. We denote by pi : G• ×M → G• × pt the map of simplicial manifolds
given by the projection pi : Gp ×M → Gp × pt.
3.2 Equivariant smooth Deligne cohomology
We here explain briefly the notion of a sheaf on a simplicial manifold (a sim-
plicial sheaf, for short) [6]. Let G• ×M be the simplicial manifold associated
to an action of a Lie group G on a smooth manifold M . We define a simplicial
sheaf on G•×M to be a family of sheaves S• = {Sp}p≥0, where Sp is a sheaf on
Gp ×M such that homomorphisms ∂˜i : ∂−1i Sp → Sp+1 and s˜i : s−1i Sp+1 → Sp
obeying the same relations as (1), (2) and (3) are specified.
For example, the family {TGp×M}p≥0 gives rise to a simplicial sheaf on
G• ×M , which we denote by TG•×M or T.
Let S• = {Sp}p≥0 be a simplicial sheaf on G• × M . For each p, let
(Ip,∗, δ) be an injective resolution of Sp. We call I∗,∗ an injective resolution
of S•. The homomorphism ∂˜i : ∂−1i Sp → Sp+1 induces a homomorphism
∂∗i : Γ(G
p×M, Ip,q)→ Γ(Gp+1×M, Ip+1,q). Combining these homomorphisms,
we define a homomorphism ∂ : Γ(Gp ×M, Ip,q) → Γ(Gp+1 ×M, Ip+1,q) to be
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∂ =
∑p+1
j=0(−1)j∂∗j . This homomorphism satisfies ∂ ◦ ∂ = 0, because of (1). We
define H∗(G• ×M,S•), the cohomology with coefficients the simplicial sheaf
S•, to be the total cohomology of the double complex (Γ(Gi ×M, Ii,j), ∂, δ).
The notion of a complex of simplicial sheaves and of its hypercohomology
are defined in a similar fashion.
Definition 3.1. Let G be a Lie group acting on a smooth manifold M . We
define a complex of simplicial sheaves F(N)G•×M on G• ×M by the family
of smooth Deligne complex {F(N)Gp×M}p≥0, where the homomorphisms ∂˜i :
∂−1i F(N)Gp×M → F(N)Gp+1×M and s˜i : s−1i F(N)Gp+1×M → F(N)Gp×M are
the natural ones.
Here we consider the smooth Deligne complex F(N)Gi×M on Gi×M for an
i fixed. We have an obvious fibration pi : Gi ×M → Gi × pt. For a positive
integer p, we define a subsheaf F pAqGi×M of A
q
Gi×M by setting F
pAqGi×M =
pi−1ApGi×pt ⊗Aq−pGi×M , where the tensor product is taken over pi−1A0Gi×pt.
For an open subset U ⊂ Gi ×M , the group F pAqGi×M (U) consists of those
q-forms ω on U satisfying ιV1 · · · ιVq−p+1ω = 0 for tangent vectors V1, . . . , Vq−p+1
at x ∈ U such that pi∗Vk = 0. If {gj} and {xk} are systems of local coordinates
of G and M respectively, then the q-form ω has a local expression
ω =
∑
r≥p
∑
j1,...,jr,
k1,...,kq−r
fJ,K(g, x)dgj1 ∧ · · · ∧ dgjr ∧ dxk1 ∧ · · · ∧ dxkq−r .
Since we have a filtration AqGi×M ⊃ F 1AqGi×M ⊃ · · · ⊃ F qAqGi×M ⊃ 0, the
smooth Deligne complex F(N)Gi×M admits the following filtration:
T // A1 // A2 // · · · // AN−1 // AN // 0 // · · · ,
∪ ∪ ∪ · · · ∪ ∪ ∪
0 // F 1A1 // F 1A2 // · · · // F 1AN−1 // F 1AN // 0 // · · · ,
∪ ∪ ∪ · · · ∪ ∪ ∪
0 // 0 // F 2A2 // · · · // F 2AN−1 // F 2AN // 0 // · · · ,
∪ ∪ ∪ · · · ∪ ∪ ∪
...
...
...
· · · ... ... ... · · · ,
∪ ∪ ∪ · · · ∪ ∪ ∪
0 // 0 // 0 // · · · // 0 // FNAN // 0 // · · · ,
∪ ∪ ∪ · · · ∪ ∪ ∪
0 // 0 // 0 // · · · // 0 // 0 // 0 // · · · .
We denote this filtration by
F(N)Gi×M ⊃ F 1F(N)Gi×M ⊃ F 2F(N)Gi×M ⊃ · · · ⊃ FNF(N)Gi×M ⊃ 0.
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For each i, we also define a complex of sheaves F¯(N)Gi×M by taking the
quotient: F¯(N)Gi×M = F(N)Gi×M/F 1F(N)Gi×M . If we introduce the sheaf
of germs of relative q-forms with respect to Gi × M → Gi × pt by Aqrel =
AqGi×M/F
1AqGi×M , then the complex F¯(N)Gi×M is expressed as
F¯(N) : T
1
2pi
√
−1d log−→ A1rel d−→ A2rel d−→ · · · d−→ ANrel −→ 0 −→ · · · .
Definition 3.2. Let G be a Lie group acting on a smooth manifold M .
(a) We define a subcomplex F 1F(N)G•×M of F(N)G•×M by the family
{F 1F(N)Gi×M}i≥0.
(b) We define a complex of simplicial sheaves F¯(N)G•×M on G•×M by the
family {F¯(N)Gi×M}i≥0.
We can also define F¯(N)G•×M by the quotient F(N)G•×M/F 1F(N)G•×M .
As is clear, if the topology of G is discrete, then F 1F(N)G•×M = 0, so that we
have F(N)G•×M = F¯(N)G•×M .
Definition 3.3 ([12]). Let G be a Lie group acting on a smooth manifold M .
We define the G-equivariant smooth Deligne cohomology group of M to be the
hypercohomology group Hm(G• ×M, F¯(N)G•×M ) of the complex of simplicial
sheaves F¯(N)G•×M on G• ×M .
From now on, we omit the subscripts of F(N)Gi×M , F(N)G•×M , etc.
Remark 2. When G is a finite group, the hypercohomologyHm(G•×M,F(N))
is introduced in the work of Lupercio and Uribe [14] as the Deligne cohomology
group for the orbifold M/G. Since the topology of G is discrete, the cohomology
Hm(G• ×M, F¯(N)) coincides with Hm(G• ×M,F(N)).
By definition, the hypercohomology Hm(G• ×M, F¯(N)) is given in the fol-
lowing way. Let I∗,∗,∗ be an injective resolution of F¯(N), that is, Ii,∗,∗ is an
injective resolution of the complex of sheaves F¯(N) on Gi ×M :
...
...
...
...
Ii,1,0
d˜ //
δ
OO
Ii,1,1
d˜ //
δ
OO
· · · d˜ // Ii,1,N d˜ //
δ
OO
Ii,1,N+1
d˜ //
δ
OO
· · ·
Ii,0,0
d˜ //
δ
OO
Ii,0,1
d˜ //
δ
OO
· · · d˜ // Ii,0,N d˜ //
δ
OO
Ii,0,N+1
d˜ //
δ
OO
· · ·
T
d˜ //
OO
A1rel
d˜ //
OO
· · · d˜ // ANrel
d˜ //
OO
0
d˜ //
OO
· · · .
We put Ki,j,k = Γ(Gi ×M, Ii,j,k). The injective resolution induces coboundary
operators δ : Ki,j,k → Ki,j+1,k and d˜ : Ki,j,k → Ki,j,k+1. The homomorphism
∂˜l : ∂
−1
l F¯(N)Gi×M → F¯(N)Gi+1×M induces ∂∗l : Ki,j,k → Ki+1,j,k. If we
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define ∂ : Ki,j,k → Ki+1,j,k by ∂ = ∑i+1l=0(−1)l∂∗l , then we have ∂ ◦ ∂ = 0 by
the relation (1). Since ∂ commutes with both δ and d˜, we have a triple complex
(Ki,j,k, ∂, δ, d˜). For ⊕m=i+j+kKi,j,k, the total coboundary operator is defined
by D = ∂ + (−1)iδ + (−1)i+j d˜ on the component Ki,j,k. The cohomology of
this total complex is Hm(G• ×M, F¯(N)).
Let {F pK}p=0,1,... be a filtration of the triple complex K∗,∗,∗ given by
F pK = ⊕i≥pKi,∗,∗. This provides us a spectral sequence converging to the
graded quotient of Hm(G• ×M, F¯(N)) with respect to the filtration. The E1-
terms are
Ep,q1 = H
q(Gp ×M, F¯(N)), (4)
and the differential d1 : E
p,q
1 → Ep+1,q1 is ∂ =
∑p+1
l=0 (−1)l∂∗l . Note that E0,q1
coincides with the ordinary smooth Deligne cohomology Hq(M,F(N)).
Lemma 3.4. If G = {e}, then Hm(G• ×M, F¯(N)) ∼= Hm(M,F(N)).
Proof. We use the spectral sequence (4). The natural identification {e}p×M =
M implies that Ep,q1 = E
0,q
1 for all p and q. Under this identification, d1 = 0 if
p is even, and d1 = id if p is odd. Thus, the spectral sequence degenerates at
E2, and we obtain H
q({e}• ×M, F¯(N)) = E0,q2 = Hq(M,F(N)).
3.3 The classification of equivariant circle bundles and
equivariant gerbes
In [3], Brylinski classified equivariant principal T-bundles and equivariant gerbes
by means of the cohomology Hm(G• ×M,T) ∼= Hm(G• ×M, F¯(0)).
Proposition 3.5 (Brylinski [3]). Let G be a Lie group acting on a smooth
manifold M .
(a) The isomorphism classes of G-equivariant principal T-bundles over M
are classified by H1(G• ×M,T).
(b) The isomorphism classes of G-equivariant gerbes over M are classified
by H2(G• ×M,T).
Remark 3. Let EG be the total space of the universal G-bundle. For a smooth
manifold M with a G-action, the equivariant cohomology group [1] is often de-
fined byHmG (M,Z) = H
m((EG×M)/G,Z), whereG acts on EG×M diagonally.
If G is compact and m is a positive integer, then Hm(G• ×M,T) is isomorphic
to Hm+1G (M,Z). (See [3].)
The equivariant smooth Deligne cohomology Hm(G•×M, F¯(N)) allows one
to have the following generalization of the proposition above.
Proposition 3.6 ([12]). Let G be a Lie group acting on a smooth manifold M .
(a) The isomorphism classes of G-equivariant principal T-bundles with G-
invariant connection over M are classified by H1(G• ×M, F¯(1)).
(b) The isomorphism classes of G-equivariant gerbes with G-invariant con-
nective structure and G-invariant curving over M are classified by H2(G• ×
M, F¯(2)).
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Proposition 3.5 and Proposition 3.6 are shown by using a Cˇech cohomology
description of Hm(G• ×M,T) and Hm(G• ×M, F¯(N)). See [3, 12] for detail.
4 Key theorem
4.1 The cohomology on the quotient space
Let G be a Lie group acting on a smooth manifold M . We endow the quotient
space M/G with the quotient topology, so that the natural projection map
q :M →M/G is a continuous map.
Lemma 4.1. Let G be a Lie group acting on a smooth manifold M . There
exists a spectral sequence converging to a graded quotient of the cohomology
group Hp+q(G• ×M,T) with its E2-term given by
Ep,q2 = H
p(M/G,X q),
where X q is the sheaf on M/G associated with the presheaf given by the assign-
ment of Hq(G• × q−1(V ),T) to an open subset V ⊂M/G.
Proof. The spectral sequence is a sort of the Leray spectral sequence [4]. Let
q : G• ×M → {e}• × (M/G) be the simplicial map induced by the projection
q : M → M/G, and I∗,∗ an injective resolution of the simplicial sheaf T on
G• ×M . We denote by q∗Ii,j the direct image of Ii,j under the projection q :
Gi×M → {e}i×(M/G). Since we can identify {e}i×(M/G) withM/G, we have
a double complex of sheaves q∗I
∗,∗ onM/G. We compute the hypercohomology
of the complex of sheaves q∗I
∗ = ⊕∗=i+jq∗Ii,j on M/G in two ways. We take
an injective resolution J∗,∗ of the complex of sheaves q∗I
∗:
...
...
...
J1,0 //
OO
J1,1 //
OO
J1,2 //
OO
· · ·
J0,0 //
OO
J0,1 //
OO
I0,2 //
OO
· · ·
q∗I
0 //
OO
q∗I
1 //
OO
q∗I
2 //
OO
· · · .
On the one hand, the filtration ′F p = ⊕j≥pJ∗,j induces a spectral sequence
converging to a graded quotient of Hp+q(M/G, q∗I
∗) whose E1-terms are
′Ep,q1 =
{
Γ(M/G, q∗I
p), (q = 0),
0, (q > 0).
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Since Γ(M/G, q∗I
p) = Γ(M/G,⊕p=i+jq∗Ii,j) = ⊕p=i+jΓ(Gi ×M, Ii,j), the E2-
terms become
′Ep,q2 =
{
Hp(G• ×M,T), (q = 0),
0, (q > 0).
Thus, the spectral sequence degenerates at E2, and yields an isomorphism
Hm(M/G, q∗I
∗) ∼= Hm(G• ×M,T).
On the other hand, the filtration ′′F p = ⊕i≥pJ i,∗ gives another spectral
sequence converging to a graded quotient of Hm(M/G, q∗I
∗). Its E2-terms are
given by ′′Ep,q2 = H
p(M/G,Hq(q∗I
∗)), where Hq(q∗I
∗) is the qth cohomology
sheaf of q∗I
∗, namely, the sheaf associated with the presheaf V 7→ Hq(V, q∗I∗) =
Hq(G•× q−1(V ),T). Since X q = Hq(q∗I∗) by definition, we obtain the spectral
sequence in this lemma.
Lemma 4.2. Let V be a contractible smooth manifold. If G acts on G× V by
the left translation on G and by the trivial action on V , then we have
Hm(G• × (G× V ),T) =
{
C∞(V,T), (m = 0),
0, (m > 0),
where C∞(V,T) is the group of smooth T-valued functions on V .
Proof. We use the spectral sequence (4):
Ep,q1 = H
q(Gp × (G × V ),T),
Ep,q2 = H
p(Hq(G∗ × (G× V ),T), ∂).
We define a map φp : G
p × (G× V )→ Gp+1 × (G× V ) by
φp(g1, . . . , gp, h, x) = (g1, . . . , gp, h, e, x).
If p > 0, then they obey ∂i ◦ φp = φp−1 ◦ ∂i for i < p + 1 and ∂p+1 ◦ φp = id.
Thus, if c ∈ Ep,q1 is a class such that ∂c = 0, then φ∗p−1c ∈ Ep−1,q1 satisfies
∂(φ∗p−1c) = (−1)pc. Hence Ep,q2 = 0 for all p > 0 and q. The spectral sequence
degenerates at E2, and we have H
q(G•×(G×V ),T) = E0,q2 . Let q be a positive
integer. In this case, we have E0,q1
∼= Hq+1(G,Z). Under this isomorphism,
we can see that φ∗0∂
∗
0c = 0 for a class c ∈ E0,q1 . We also have φ∗0∂∗1c = c,
because ∂1 ◦ φ0 = id. Thus, E0,q2 = 0 for q > 0. It is direct to see E0,02 =
H0(G• × (G× V ),T) = C∞(V,T), which completes the proof.
Theorem 4.3. Let G be a Lie group acting on a smooth manifold M . We
assume that the action is free and locally trivial, and that the quotient space
M/G is a smooth manifold in such a way that the projection map q : M →
M/G is smooth. For a non-negative integer m the projection map induces an
isomorphism of groups
q∗ : Hm(M/G,T)→ Hm(G• ×M,T).
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Proof. We use the spectral sequence in Lemma 4.1. By the hypothesis, any point
x¯ ∈ M/G has a neighborhood V such that q−1(V ) is equivariantly isomorphic
to G×V . We can take V to be a contractible open subset. By means of Lemma
4.2, the sheaf X 0 is identified with TM/G. We also have X q = 0 for q > 0.
Thus the degeneration of the spectral sequence at E2 yields an isomorphism
Hm(M/G,TM/G)
∼= Hm(G• × M,T). We can see that this isomorphism is
composed of Hm(M/G,TM/G)
∼= Hm({e}•×M/G,T) given in Lemma 3.4 and
q∗ : Hm({e}• ×M/G,T) → Hm(G• ×M,T) induced from the simplicial map
q : G• ×M → {e}• ×M/G.
Remark 4. As is mentioned in Remark 3, if G is compact, then Hm(G• ×
M,T) ∼= Hm+1G (M,Z). Note that Hm(M/G,T) ∼= Hm+1(M/G,Z) provided
that M/G is a smooth manifold. As is well-known [1], if G acts on M freely,
then Hm+1G (M,Z)
∼= Hm+1(M/G,Z). Assembling these facts, we obtain an
easier proof of Theorem 4.3 in the case that G is compact and m is positive.
4.2 The Deligne cohomology on the quotient space
We denote by Aq(M)cl the group of closed q-forms on M .
Lemma 4.4. Let N be a positive integer, and G a Lie group acting on a smooth
manifold M . The group HN(G• ×M,F(N)) fits into the exact sequence
0 // HN (G• ×M,T) // HN (G• ×M,F(N)) d // AN+1(M)Gcl,bas

HN+1(G• ×M,T),
where Hm(G• ×M,T) is the hypercohomology group of the constant simplicial
sheaf T, and AN+1(M)Gcl,bas = Ker{∂ : AN+1(M)cl → AN+1(G×M)cl}.
Proof. We have the following short exact sequence of complexes of simplicial
sheaves on G• ×M :
0 // {T→ A1 → · · · → ANcl} // F(N)
d // {0→ · · · → 0→ AN+1cl } // 0, (5)
where Aqcl is the simplicial sheaf on G
•×M given by the sheaf of germs of closed
q-forms on each Gi ×M . The Poincare´ lemma [4] induces a quasi-isomorphism
{T→ 0→ · · · → 0} → {T→ A1 → · · · → ANcl}.
The Poincare´ lemma also allows us to use the complex of simplicial sheaves
(A∗+N+1, d) as a resolution of AN+1cl . Since each G
i ×M is assumed to admit
a partition of unity by our convention, we obtain
Hm(G• ×M, 0→ · · · → 0→ AN+1cl ) =
{
0, (0 ≤ m < N),
AN+1(M)Gcl,bas, (m = N).
Now the long exact sequence associated with (5) leads to the lemma.
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Lemma 4.5. Let G be a Lie group acting on a smooth manifold M . We assume
that the action is free and locally trivial. For a non-negative integer m the
projection map q : M →M/G induces an isomorphism of groups
q∗ : Hm(M/G,T)→ Hm(G• ×M,T).
Proof. The argument here is the same as that in the proof of Theorem 4.3. First,
by the same method as in Lemma 4.1, we have a spectral sequence converging
to a graded quotient of the cohomology group Hp+q(G• ×M,T). Its E2-terms
are given by
Ep,q2 = H
p(M/G,Hq),
where Hq is the sheaf on M/G associated with the presheaf given by the as-
signment of Hq(G• × q−1(V ),T) to an open subset V ⊂ M/G. Second, by a
method similar to that used in the proof of Lemma 4.2, we have
Hm(G• × (G×W ),T) =
{
T, (m = 0),
0, (m > 0),
where W is a contractible set, and the Lie group G acts on G ×W by the left
translation on G and the trivial action on W . Finally, under the assumption
in the current lemma, we identify H0 with the constant sheaf T on M/G and
Hq with the trivial sheaf 0 for q > 0, Then the degeneration of the spectral
sequence completes the proof.
Theorem 4.6. Let G and M be as in Theorem 4.3. For a non-negative integer
N the projection map q :M →M/G induces an isomorphism of groups
q∗ : HN (M/G,F(N))→ HN(G• ×M,F(N)).
Proof. Let N be positive. The simplicial map q : G• × M → {e}• × M/G
induces a homomorphism between the exact sequences in Lemma 4.4:
0

0

HN(M/G,T)
q∗ //

HN (G• ×M,T)

HN (M/G,F(N)) q
∗
//

HN (G• ×M,F(N))

AN+1(M/G)cl
q∗ //

AN+1(M)Gcl,bas

HN+1(M/G,T)
q∗ // HN+1(G• ×M,T),
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where the cohomology groups on {e}• × (M/G) are identified with those on
M/G by Lemma 3.4, and AN+1(M/G)
{e}
cl,bas is identified with A
N+1(M/G)cl.
Note that q : M → M/G is a principal G-bundle by the assumption. Note
also that AN+1(M)Gcl,bas coincides with the group of closed basic (N + 1)-
forms on M with respect to q : M → M/G. Hence q∗ : AN+1(M/G)cl →
AN+1(M)Gcl,bas is an isomorphism. Now, Lemma 4.5 and the five lemma es-
tablish the theorem in the case of N positive. If N = 0, then the group
H0(G•×M,F(0)) = H0(G•×M, F¯(0)) is isomorphic to the group ofG-invariant
T-valued smooth functions on M . Thus, the cohomology group is isomorphic
to H0(M/G,F(0)) = C∞(M/G,T) under the assumption.
Since F¯(N) is obtained as the quotient F¯(N) = F(N)/F 1F(N), we have a
short exact sequence of complexes of simplicial sheaves:
0 −→ F 1F(N) −→ F(N) ϕ−→ F¯(N) −→ 0. (6)
This induces a long exact sequence:
· · · // Hm−1(G•×M,F(N)) ϕ // Hm−1(G•×M, F¯(N))
β // Hm(G•×M,F 1F(N)) // Hm(G•×M,F(N)) ϕ // Hm(G•×M, F¯(N))
β // Hm+1(G•×M,F 1F(N)) // Hm+1(G•×M,F(N)) // · · · .
We denote the Bockstein homomorphism by
β : Hm(G• ×M, F¯(N)) −→ Hm+1(G• ×M,F 1F(N)).
Because Gi ×M is assumed to admit a partition of unity for each i, the
cohomology Hm(G• ×M,F 1F(N)) is computed as the mth cohomology of the
double complex (Li,j , ∂, d˜) given by
Li,j =
{
F 1Aj(Gi ×M), (1 ≤ j ≤ N),
0, otherwise.
(7)
It is clear that Hm(G• ×M,F 1F(N)) = 0 for m < N .
Remark 5. The image of β : HN (G• ×M, F¯(N)) → HN+1(G• ×M,F 1F(N))
plays the role of “equivariant extensions” in constructing a map from the equiv-
ariant smooth Deligne cohomology to the equivariant de Rham cohomology [12].
5 Equivariant circle bundles with connection
In this section, we study relationships between equivariant circle bundles (with
connection) and circle bundles (with connection) over the quotient space. Al-
though the relationships can be seen directly, we make use of the results in the
previous section.
We first consider the case of equivariant circle bundles without connection.
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Proposition 5.1. Let G and M be as in Theorem 4.3.
(a) For a G-equivariant principal T-bundles P over M , there exists a princi-
pal T-bundle P¯ over M/G whose pull-back under the projection q : M → M/G
is equivariantly isomorphic to P .
(b) The isomorphism class of such P¯ is unique.
Proof. Recall Proposition 2.2 (a) and Proposition 3.5 (a). Let c ∈ H1(G• ×
M,T) be the cohomology class corresponding to the equivariant isomorphism
class of P . Since q∗ : H1(M/G,T) → H1(G• ×M,T) is an isomorphism by
Theorem 4.3, we put c¯ = (q∗)−1(c). Let P¯ be a principal T-bundle over M/G
which is classified by c¯ ∈ H1(M/G,T). Because q∗(c¯) = c, the pull-back of P¯
under the projection q :M →M/G is equivariantly isomorphic to P .
Note that we can directly construct a principal T-bundle P¯ such that q∗P¯
is equivariantly isomorphic to P as follows. If the action of G on M is as
in Theorem 4.3, then so is the action of G on P . Hence the quotient space
P/G gives rise to a principal T-bundle over M/G. Clearly, the pull-back of
P/G→M/G under q :M →M/G is equivariantly isomorphic to P →M .
Next we consider the case of equivariant circle bundles with connection.
Recall that the cohomology Hm(G• ×M,F 1F(1)) can be given by
Hm(G• ×M,F 1F(1)) = Ker{∂ : F
1A1(Gm−1 ×M)→ F 1A1(Gm ×M)}
Im{∂ : F 1A1(Gm−2 ×M)→ F 1A1(Gm−1 ×M)} .
Lemma 5.2. H1(G• ×M,F 1F(1)) = 0.
Proof. Because F 1A1(M) = 0, this lemma is clear.
Proposition 5.3. Let G and M be as in Theorem 4.3, (P, θ) a G-equivariant
principal T-bundle with G-invariant connection over M , and c ∈ H1(G• ×
M, F¯(1)) the class corresponding to the equivariant isomorphism class of (P, θ).
(a) There exists a principal T-bundle with connection (P¯ , θ¯) overM/G whose
pull-back under the projection q : M → M/G is equivariantly isomorphic to
(P, θ) if and only if β(c) = 0 in H2(G• ×M,F 1F(1)).
(b) The isomorphism class of such (P¯ , θ¯) is unique.
Proof. By Theorem 4.6 and Lemma 5.2, the short exact sequence (6) gives the
following exact sequence
0 −→ H1(M/G,F(1)) ϕ◦q
∗
−→ H1(G• ×M, F¯(1)) β−→ H2(G• ×M,F 1F(1)).
There exists a cohomology class c¯ ∈ H1(M/G,F(1)) such that ϕ ◦ q∗(c¯) = c
if and only if β(c) = 0. Let (P¯ , θ¯) be a principal T-bundle with connection
over M/G classified by c¯. Since ϕ ◦ q∗(c¯) = c, the pull-back of (P¯ , θ¯) under
q :M →M/G is equivariantly isomorphic to (P, θ). Because ϕ ◦ q∗ is injective,
the isomorphism class of (P¯ , θ¯) is unique.
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Let g be the Lie algebra of G, and 〈 | 〉 : g⊗g∗ → R the natural contraction.
By the (co)adjoint, the Lie group G acts on an element f ∈ g∗ by 〈X |Adgf〉 =
〈Adg−1X |f〉.
Lemma 5.4. There exists an isomorphism
H2(G• ×M,F 1F(1)) ∼= {f :M → g∗| g∗f = Adgf for all g ∈ G} . (8)
Proof. Because F 1A1(M) = 0, we have
H2(G• ×M,F 1F(1)) = {α ∈ F 1A1(G×M)| ∂α = 0}.
Let α be an element in F 1A1(G×M). Note that for any tangent vector V ∈ TxM
we have α((g, x);V ) = 0. By a computation, we can see that the cocycle
condition ∂α = 0 is equivalent to the following conditions:
α((g2, x); g2X) = α((g1g2, x); g1g2X),
α((g1, g2x); g1X) = α((g1, g2x); g1Xg2),
where a tangent vector at g ∈ G is expressed as gX ∈ TgG by an element
X ∈ TeG = g. Thus, the isomorphism (8) is induced by the assignment to
α of the map f : M → g∗ defined by 〈X |f(x)〉 = α((e, x);X). The inverse
homomorphism is given by the assignment to f : M → g∗ of the 1-form α
defined by α((g, x); gX ⊕ V ) = 〈X |f(x)〉.
For a G-invariant connection θ on a G-equivariant principal T-bundle P over
M , we define a map µ :M → g∗ by
〈X |µ(x)〉 = −1
2pi
√−1θ(p;X
∗), (9)
where p ∈ P is a point lying on the fiber of x, and X∗ ∈ TpP is the tangent
vector generated by the infinitesimal action of X ∈ g. Since the G-action on P
commutes with the right T-action on P , the map µ is well-defined. We call the
map µ the moment [2] associated with (P, θ).
Lemma 5.5 ([12]). Let (P, θ) be a G-equivariant T-bundle with G-invariant
connection over M , and c ∈ H1(G•×M, F¯(1)) the cohomology class that classi-
fies (P, θ). Under the isomorphism (8), the image β(c) ∈ H2(G• ×M,F 1F(1))
is identified with the moment µ :M → g∗ associated with (P, θ).
By the help of Lemma 5.5, we can directly construct a principal T-bundle P¯
with a connection θ¯ such that q∗(P¯ , θ¯) is equivariantly isomorphic to P . As we
see, P gives a principal T-bundle P¯ → M/G by setting P¯ = P/G. By Lemma
5.5, the condition β(c) = 0 in Proposition 5.3 is equivalent to the vanishing of
the moment µ associated with (P, θ). It is clear by (9) that the condition µ ≡ 0
is the necessary and sufficient condition for the G-invariant connection θ on P to
descend to induce a connection θ¯ on the principal T-bundle P/G→M/G. The
pull-back of (P¯ , θ¯) under q :M →M/G is equivariantly isomorphic to (P, θ).
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6 Equivariant gerbe with connection
Theorem 6.1. Let G and M be as in Theorem 4.3.
(a) For a G-equivariant gerbe C over M , there exists a gerbe C¯ over M/G
whose pull-back under the projection q :M →M/G is equivariantly isomorphic
to C.
(b) The isomorphism class of such C¯ is unique.
Proof. The proof is the same as that of Proposition 5.1. By Proposition 3.5 (b),
we have a class c ∈ H2(G• ×M,T) that classifies the equivariant isomorphism
class of C. Since q∗ : H2(M/G,T) → H2(G• × M,T) is an isomorphism by
Theorem 4.3, we put c¯ = (q∗)−1(c). Let C¯ be a gerbe over M/G corresponding
to c¯ ∈ H2(M/G,T) by Proposition 2.2 (b). Because q∗(c¯) = c, the pull-back of
C¯ under the projection q :M →M/G is equivariantly isomorphic to C.
Since a gerbe does not have a “total space”, the construction of such a gerbe
C¯ as in Theorem 6.1 would be not as direct as in the case of circle bundles. For
equivariant bundle gerbes, which are closely related to equivariant gerbes, we
have some constructions of bundle gerbes over the quotient space [10, 15, 16].
Theorem 6.2. Let G and M be as in Theorem 4.3, (C,Co,K) a G-equivariant
gerbe with G-invariant connective structure and G-invariant curving over M ,
and c ∈ H2(G• ×M, F¯(2)) the class corresponding to the equivariant isomor-
phism class of (C,Co,K).
(a) There exists a gerbe with connective structure and curving (C¯, C¯o, K¯)
over M/G whose pull-back under the projection q : M →M/G is equivariantly
isomorphic to (C,Co,K) if and only if β(c) = 0 in H3(G• ×M,F 1F(2)).
(b) The isomorphism classes of such (C¯, C¯o, K¯) are in one to one correspon-
dence with Coker{β : H1(G• ×M, F¯(2))→ H2(G• ×M,F 1F(2))}.
Proof. By Theorem 4.6 and (6), we have the following exact sequence:
H1(G•×M, F¯(2)) β // H2(G•×M,F 1F(2)) // H2(M/G,F(2))
ϕ◦q∗ // H2(G•×M, F¯(2)) β // H3(G•×M,F 1F(2)).
There is a class c¯ ∈ H2(M/G,F(2)) such that ϕ ◦ q∗(c¯) = c if and only if
β(c) = 0. By Proposition 2.3, there is a gerbe with connective structure and
curving (C¯, C¯o, K¯) over M/G classified by c¯. Since ϕ ◦ q∗(c¯) = c, the pull-
back of (C¯, C¯o, K¯) under q is equivariantly isomorphic to (C,Co,K). Hence
(a) is proved. By the exact sequence above, we have a bijection between the
set of c¯ ∈ H2(M/G,F(2)) such that ϕ ◦ q∗(c¯) = c and the cokernel of β :
H1(G• ×M, F¯(2))→ H2(G• ×M,F 1F(2)), which leads to (b).
We notice that, although we may have distinct isomorphism classes of such
(C¯, C¯o, K¯) as in Theorem 6.2, the isomorphism class of C¯ is unique. This is
a consequence of Theorem 6.1. We also notice that we can characterize the
3-curvature ([4]) of (C¯, C¯o, K¯) by the unique 3-form Ω¯ ∈ A3(M/G) such that
q∗Ω¯ = Ω, where Ω ∈ A3(M) is the 3-curvature of (C,Co,K) over M .
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Lemma 6.3. There is an isomorphism H3(G• ×M,F 1F(2)) ∼= Z/B. Here Z
and B are defined by
C = A1(M, g∗)⊕A0(G×M, g∗), (10)
Z =
{
(E, ζ) ∈ C
∣∣∣ E(gx; gV )−AdgE(x;V ) = dMζ((g, x);V ),
Adgζ(h, x) − ζ(gh, x) + ζ(g, hx) = 0.
}
, (11)
B =

(E, ζ) ∈ C
∣∣∣∣∣
f ∈ A0(M, g∗),
E = df,
ζ(g, x) = f(gx)−Adgf(x).

 , (12)
where dM is the exterior differential in the direction of M .
Proof. Recall that H3(G• ×M,F 1F(2)) is the cohomology of (7). Let [α, β] be
a class in the cohomology, where α ∈ F 1A2(G×M) and β ∈ F 1A1(G2×M). We
define Hβ ∈ F 1A1(G×M) by setting Hβ((g, x); gX⊕V ) = β((g, e, x); 0⊕X⊕0).
Note that cocycles (α, β) and (α− dHβ, β + ∂Hβ) induce the same cohomology
class. Now we define E ∈ A1(M, g∗) and ζ ∈ A0(G×M, g∗) by
〈X |E(x;V )〉 = (α− dHβ)((e, x);X ⊕ 0, 0⊕ V ),
〈X |ζ(g, x)〉 = (β + ∂Hβ)((e, g, x);X ⊕ 0⊕ 0).
By a lengthy calculation, we can see that the cocycle condition for (α, β) implies
that (E, ζ) belongs to Z. We here consider the case that (α, β) = (−dγ, ∂γ) for
an element γ ∈ F 1A1(G×M). In this case, we define f ∈ A0(M, g∗) by
〈X |f(x)〉 = γ((e, x);X ⊕ 0).
By using f above, we can express the (E, ζ) ∈ Z defined by (α, β) as in (12).
Therefore we obtain a homomorphism Φ : H3(G• × M,F 1F(2)) → Z/B by
setting Φ([α, β]) = [E, ζ]. To show that Φ is an isomorphism, we give the
inverse homomorphism. For (E, ζ) ∈ C we define α ∈ F 1A2(G ×M) and β ∈
F 1A1(G2 ×M) by
α((g, x); gX ⊕ V, gX ′ ⊕ V ′) = 〈X |E(x;V ′)〉 − 〈X ′|E(x;V )〉
+ 〈[X,X ′]|ζ(e, x)〉,
β((g1, g2, x); g1X1 ⊕ g2X2 ⊕ V ) = 〈X1|ζ(g2, x)〉.
If (E, ζ) belongs to Z, then (α, β) is a cocycle. We here suppose that (E, ζ)
can be expressed as in (12) by a function f ∈ A0(M, g∗). In this case, we define
γ ∈ F 1A1(G×M) by
γ((g, x); gX ⊕ V ) = 〈X |f(x)〉.
We can verify that the (α, β) defined by (E, ζ) is expressed as (−dγ, ∂γ). There-
fore we obtain a homomorphism Ψ : Z/B → H3(G• ×M,F 1F(2)) by setting
Ψ([E, ζ]) = [α, β]. Note that, if (E, ζ) ∈ Z, then we have
〈[X,X ′]|ζ(e, x)〉 = 〈X |E(x;X ′∗)〉 − 〈X |dζ((e, x);X ′ ⊕ 0)〉.
Thus, we can see that Ψ is the inverse of Φ.
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An equivariant gerbe with connective structure and curving does not deter-
mine a representative (E, ζ) ∈ Z of β(c), in general. So we do not spell out here
the general formula of the representative. (In [3], a computation of the term E
can be found.)
Lemma 6.4. There is an isomorphism
H2(G• ×M,F 1F(2)) ∼= {f ∈ A0(M, g∗)| df = 0, g∗f = Adgf for all g ∈ G}.
In particular, if M is connected, then there is an isomorphism
H2(G• ×M,F 1F(2)) ∼= {f ∈ g∗| f = Adgf for all g ∈ G}.
Proof. Because F 1A1(M) = F 1A2(M) = 0, we have
H2(G• ×M,F 1F(2)) = {α ∈ F 1A1(G×M)| ∂α = 0, dα = 0} .
By Lemma 5.4, an element α ∈ F 1A1(G ×M) such that ∂α = 0 is uniquely
expressed as α = 〈g−1dg|f〉, where g−1dg is the left invariant Maurer-Cartan
form on G and f ∈ A0(M, g) satisfies g∗f = Adgf . The differential of α is
dα = 〈dg−1 ∧ dg|f〉 − 〈g−1dg|df〉 ∈ F 1A2(G×M).
Note that 〈dg−1 ∧ dg|f〉 ∈ F 2A2(G×M), while 〈g−1dg|df〉 6∈ F 2A2(G×M). So
the condition dα = 0 is equivalent to df = 0 and 〈[X,Y ]|f〉 = 0 for all X,Y ∈ g.
The last condition follows from df = 0 and g∗f = Adgf .
The proof above implies that, if g = [g, g], then H2(G• ×M,F 1F(2)) = 0.
Corollary 6.5. If the Lie algebra g of G is such that [g, g] = g, then the
isomorphism class of (C¯, C¯o, K¯) in Theorem 6.2 (a) is unique.
In contrast with the above, if G contains tori as a center, then the group
H2(G• ×M,F 1F(2)) is non-trivial. For example, let T be a maximal torus of
SU(2). If we put G = T and M = SU(2), then we have M/G ∼= S2. In this
case, we obtain H2(G• × M,F 1F(2)) ∼= R. We also obtain by computations
H1(G• × M, F¯(2)) ∼= Z and H1(G• × M,F(2)) = 0. As a result, we have
Coker{β : H1(G• ×M, F¯(2))→ H2(G• ×M,F 1F(2))} ∼= R/Z.
In general, the cohomology group H1(G• ×M, F¯(2)) classifies the isomor-
phism classes of G-equivariant T-bundle over M with flat connection [12]. The
image of β : H1(G•×M, F¯(2))→ H2(G•×M,F 1F(2)) consists of the moment
maps associated with G-equivariant T-bundles with flat connection over M .
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